We consider an investor facing a classical portfolio problem of optimal investment in a log-Brownian stock and a fixed-interest bond, but constrained to choose portfolio and consumption strategies that reduce a dynamic shortfall risk measure. For continuous-and discrete-time financial markets we investigate the loss in expected utility of intermediate consumption and terminal wealth caused by imposing a dynamic risk constraint. We derive the dynamic programming equations for the resulting stochastic optimal control problems and solve them numerically. Our numerical results indicate that the loss of portfolio performance is not too large while the risk is notably reduced. We then investigate time discretization effects and find that the loss of portfolio performance resulting from imposing a risk constraint is typically bigger than the loss resulting from infrequent trading.
Introduction
In a classical consumption-investment problem, an investor endowed with an initial capital consumes a certain amount of the capital and invests the remaining wealth into the financial market. The latter usually consists of one risk-free security and several risky ones. Given a fixed investment horizon, the investor's objective is to find an "optimal" consumption-investment strategy in order to maximize the expected utility of wealth at the terminal trading time and of intermediate consumption. This optimization problem is known in the literature as the Merton problem.
After the recent failure of large financial institutions, risk management has received a great deal of attention by traders and regulators in the past few years. Financial institutions have established internal departments that are in charge of risk assessments, and regulatory institutions started to set restrictions to limit the risk exposure of financial institutions. Various risk measures like Value at Risk (VaR) or some tail-expectationbased risk measures like Tail Conditional Expectation (TCE) or Expected Loss (EL) have been applied recently to quantify and control the risk of a portfolio. Usually the risk constraint is static, i.e., it has to hold at the terminal trading time only. In the seminal paper by Basak and Shapiro [4] the authors compute the VaR of the terminal wealth to control the risk exposure. Their findings indicate that VaR limits, when applied in a static manner, may actually increase risk. This encouraged researchers to consider a risk measure that is based on the risk neutral expectation of loss -the Limited Expected Loss (LEL). The work of [4] is extended by Gabih, Sass and Wunderlich [10] to cover the case of bounded Expected Loss.
Motivated by the Basel Committee proposals, it is a common practice in the financial industry to compute and re-evaluate risk constraints frequently using a time window (e.g. some days or weeks) over which the trading strategies are assumed to be held constant, cf. Jorion [14] . Therefore Cuoco, He and Issaenko [7] apply a risk constraint dynamically to control the risk exposure. The authors found that VaR and TCE constraints, when applied in a dynamic fashion, reduce the investment in the risky asset. Putschögl and Sass [21] study the maximization of expected utility of terminal wealth under dynamic risk constraints in a complete market model with partial information on the drift by using the martingale method. The problem of intertemporal consumption subject to a dynamic VaR constraint is studied by Yiu [24] . Pirvu [20] and Leippold, Trojani and Vanini [16] study an optimal consumption-investment problem with a dynamic VaR constraint imposed on the strategy. Akume [1] and Akume, Luderer and Wunderlich [2] consider a similar problem with a dynamic TCE constraint instead of a VaR. Their results indicate that imposing a dynamic risk constraint is a suitable method to reduce the risk of portfolios. For recent work on portfolio optimization under dynamic risk constraints we refer to Moreno-Bromberg, Pirvu and Réveillac [17] . The authors study an optimal investment problem for a general class of risk measures and the optimal trading strategy is characterized by a quadratic backward stochastic differential equation.
For the purpose of dynamic risk measurement, the usual assumption for a tractable way of calculating risk measures is that the investment and consumption strategies are kept unchanged over a given time horizon. In the classical consumption-investment problem, this assumption is typically not fulfilled. An investor who follows the optimal strategy is continuously adjusting the asset holdings and the consumption rate. Thus, the risk of a portfolio is only approximately calculated.
Since continuous-time trading is impossible in practice and investors want to avoid transaction costs due to excessive trading, we also consider a more realistic scenario where investors are only allowed to change the asset holdings and consumption rate at discrete points in time. In Rogers [22] and Bäuerle, Urban and Veraart [6] such a discrete-time investor is called a relaxed investor. It is shown that the losses due to discretization are surprisingly small. An advantage of the discrete-time trading is that dynamic risk measures can be computed directly without requiring constant strategies.
In this paper, we start with considering a continuous-time investor facing a classical consumption-investment problem, but constrained to choose investment and consumption strategies that reduce a corresponding shortfall risk. The investor's aim is to maximize the expected utility of the intermediate consumption and wealth at a terminal trading time T > 0. The portfolio risk over short time intervals is measured in terms of VaR, TCE and EL. The risk measure is dynamically re-evaluated using available conditioning information and imposed on the strategy as a risk constraint. We apply dynamic programming techniques and combine the resulting Hamilton-Jacobi-Bellman equation with the method of Lagrange multipliers to derive optimal strategies under this constraint. An approximate solution to the constrained portfolio problem is obtained by using a policy improvement algorithm. One advantage of our method compared to [17] is that the consumption of wealth can easily be included.
Then, we consider a discrete-time investor who only changes portfolio and consumption choices at time points that are multiples of ∆ > 0. Within the framework of a discrete-time investment, we consider a discretized standard Black-Scholes market with one risk-free and several risky assets. A discrete-time investor is, like a continuous-time investor, constrained to limit the risk exposure. The optimization problem is solved by using the theory of Markov Decision Problems leading to a backward recursion algorithm.
Our numerical results indicate that the cost of the risk constraint in terms of the expected utility of intermediate consumption and terminal wealth is not too large while the risk can be controlled and considerably reduced. The consideration of both, discrete-time and continuous-time trading, allows us to perform numerical experiments for studying the losses due to time-discretization. Similar to Rogers [22] who investigates the Merton problem, we find that for the portfolio problem under dynamic risk constraints the effects of timediscretization are also of small magnitude.
The paper is organized as follows. In Section 2 we consider the continuous-time optimization problem. First, we describe the financial market model and introduce dynamic risk constraints afterwards. Then, we investigate the optimization problem under dynamic risk constraints. In Section 3, we consider the discretetime optimization problem. The financial market of Section 2 is discretized and the resulting dynamic risk constraints are described. We subsequently study the discrete-time optimization problem under dynamic risk constraints. Section 4 provides some numerical results of the continuous-time and discrete-time optimization problem and both are compared. The Appendix contains proofs omitted from the main text.
Continuous-time optimization 2.1 Model
We consider a continuous-time stochastic financial market with finite trading horizon 0 < T < ∞. The possible actions of an investor who is endowed with an initial capital x 0 > 0 are to invest in the financial market and/or to consume (parts of) the wealth. The investment opportunities are represented by one risk-free and d risky securities. The price of the risk-free security at time t is denoted by S 0 t and the d-dimensional price process of the risky securities is denoted by S = (S t ) t∈ [0,T] . Uncertainty is modeled by a filtered probability space (Ω, F, , P), where = (F t ) t∈[0,T] is the natural filtration generated by an m-dimensional Brownian motion W = (W t ) t∈[0,T] , m ≥ d, augmented by all the P-null sets of Ω.
The risk-free security (the "bond") behaves like a bank account earning a continuously compounded interest rate r ≥ 0, i.e., its price is given by S 0 t = e rt . The remaining d securities (the "stocks") are risky and evolve according to the following stochastic differential equations
is the mean rate of return and σ = (σ ij ) j=1,...,m i=1,...,d ∈ ℝ d×m the matrix-valued volatility which is assumed to consist of linearly independent rows. Thus, we work on a standard Black-Scholes-Merton model. The bond and the stocks can be traded continuously and we allow to sell the stock and the bond short. An investment strategy π = (π t ) t∈[0,T] is an -adapted, real-valued, d-dimensional stochastic process satisfying
where ‖ ⋅ ‖ denotes the standard Euclidean norm in ℝ d . The d coordinates of π t represent the proportions of the current wealth invested in each of the d stocks at time t.
A negative proportion π i t corresponds to selling stock i short. The proportion of wealth invested in the bond at time t is given by 1 − ∑ d i=1 π i t . If this quantity is negative, we sell the bond short, i.e., we are borrowing (at interest rate r). The investor is also allowed to withdraw funds for consumption. The consumption rate process (for brevity: consumption process) is denoted by C = (C t ) t∈ [0,T] . It is an adapted, [0, ∞)-valued stochastic process satisfying
Given an investment and consumption strategy, the associated wealth process is well defined and satisfies the stochastic differential equation
where π t denotes the transpose of π t , 1 := (1, . . . , 1) is the d-dimensional vector with unit components and c t = C t /X t is the consumption rate relative to the wealth. Together with the initial condition X 0 = x 0 , the wealth equation (2.1) admits a unique strong solution given by
for any ∆ > 0. A pair (π t , c t ) t∈[0,T] is called a portfolio-proportion process. We only consider those portfolioproportion processes u = (π, c) which achieve a positive wealth over the whole trading period [0, T] and which are of Markov type, i.e., u t =ũ(t, X t ) for all t ∈ [0, T] and some measurable functionũ :
. Such strategies are called admissible and the set of admissible strategies is denoted by A 0 , thus
We write in the following X u instead of X to emphasize that the wealth is controlled by the portfolio-proportion process u = (π, c).
Dynamic risk constraints
In this subsection we introduce how the risk of a given portfolio-proportion process can be quantified. In Artzner, Delbaen, Eber and Heath [3] risk is defined by the random future value of the portfolio wealth. In order to relate this definition of risk to the investor's loss we use the concept of benchmarks as in [1] and [2] . Given the current time t ∈ [0, T], a benchmark Y t is prescribed and compared to the future portfolio value X u t+∆ at time t + ∆, where ∆ > 0 is the length of the risk measurement horizon [t, t + ∆]. Then a shortfall is described by the random event {X u t+∆ < Y t } and L t := Y t − X u t+∆ is the corresponding investor's loss. The benchmark Y t is chosen as a function of time t and wealth X u t for all t ∈ [0, T], i.e., Y t =f (t, X u t ) for some measurable functionf : [0, T] × ℝ + → [0, ∞). Typical benchmarks are presented in the following example.
Example 2.1. The benchmark may be chosen as • a constant, i.e., Y t ≡ y for some y ≥ 0, • a deterministic function, i.e., Y t = y(t), • a fraction p > 0 of the current wealth, i.e., Y t = pX u t , • the conditional expected wealth, i.e.,
Next, we make precise how the risk of a given portfolio-proportion process is measured. Let
is called a dynamic risk measure. The following dynamic risk measures are frequently used in the literature. is the loss over [t, t + ∆] that is exceeded only with the (small) conditional probability α, thus
• Given a time t and a probability level α ∈ (0, 1), the Dynamic Tail Conditional Expectation denoted by TCE α t is the conditional expected value of the loss exceeding VaR α t , thus
where t [⋅] denotes the conditional expectation given the information known up to time t. • Given a time t, the Dynamic Expected Loss denoted by EL t is the conditional expected value of "positive" losses, thus
In the following we only consider those risk measures that can be written as ξ t (L t ) =ξ (t, X u t , π t , c t ) for all t ∈ [0, T] and some measurable functionξ : [0, T]×ℝ + ×K → ℝ. The risk measures presented in Example 2.2 belong to this class of risk measures. This becomes obvious if we recall that loss is defined by L t = Y t − X u t+∆ and that the benchmark is of the form Y t =f (t, X u t ). Thus, we have to know the conditional distribution of X u t+∆ given X u t at any time t to explicitly compute the risk measures above. From equations (2.2) and (2.3) it is easily seen that the distribution of the investor's wealth at a future date depends on the portfolio-proportion process u = (π, c). For the purposes of risk measurement, it is common practice to approximate this distribution (for elaborations see [7] ). Let us consider the random variable
where ∆ > 0, x > 0 and (π,c ) ∈ K are given. It is easily seen that X is log-normally distributed. More precisely, the law of X(x,π,c ) is the one of xe Z , where Z is a normally distributed random variable with mean (r +π (μ − 1r) −c − 1 2 ‖π σ‖ 2 )∆ and variance ‖π σ‖ 2 ∆. We immediately obtain from equation (2.3) that, given a portfolio-proportion process u = (π, c) and the associated portfolio wealth X u t at time t, the random variable X(X u t , π t , c t ) is the value of the portfolio wealth at time t + ∆ if the portfolio-proportion process is kept constant at (π,c ) = (π t , c t ) between time t and t + ∆. Then, X u t+∆ is -conditionally on F t -distributed as X(X u t , π t , c t ). Using this approximation, we obtain the following formulas for the risk measures introduced in the examples above.
Lemma 2.3. The following statements hold. (i) The Dynamic Value at Risk at time t can be written as
Here Φ( ⋅ ) and Φ −1 ( ⋅ ) denote the normal distribution and the inverse distribution functions, respectively.
(ii) The Dynamic Tail Conditional Expectation at time t can be written as TCE
(iii) The Dynamic Expected Loss at time t can be written as
and
Proof. The first and the second claim are proved in [1, pp. 144-145] and [1, pp. 145-147], respectively. The proof of the third claim is presented in Appendix A.
A risk constraint is imposed on the portfolio-proportion process by requiring that u t = (π t , c t ) takes values in the set
Here,ε : [0, T] × ℝ + → [0, ∞) is a measurable function which represents the bound on the risk constraint and may depend on time and wealth. Then the set of admissible strategies which continuously satisfy the imposed risk constraint reads as
We assume that the benchmark Y t =f (t, X u t ) and the boundε(t, X u t ) in the definition of the risk constraint are chosen such that A R ̸ = ⌀ is satisfied, i.e., there exist admissible strategies. Such problems are examined in [10] , where the shortfall risk is measured in terms of the expected loss and applied in a static manner.
Optimization under risk constraints
Given a finite trading horizon T, we consider the problem of an investor who starts with a positive endowment X 0 = x 0 . The investor derives utility from intermediate consumption and from terminal wealth while a risk constraint is imposed that has to be satisfied. The investor's performance criterion is the expected value of the utility of intertemporal consumption and terminal wealth. Thus, the objective is to maximize
utility functions (i.e., U 1 and U 2 are strictly increasing, strictly concave and twice continuously differentiable on (0, ∞)). The term t,x [ ⋅ ] denotes the conditional expectation given the information known up to time t and X t = x. Remark 2.4. We consider time-independent utility functions for the sake of notational simplicity but timedependent utility functions can be treated in the same way. A typical example of a time-dependent utility function U :
Thus, discounting might be included.
We tackle the optimization problem by using dynamic programming techniques and embed it into a family of optimization problems. Given a portfolio-
The objective is to maximize the reward function over all admissible processes which continuously satisfy the imposed risk constraint. We define the value function for all (t, 
Here, the operator Hū acting on
Note that Hū is the generator of the controlled wealth process when the portfolio-proportion process takes the valueū = (π,c ). Unlike many stochastic control problems, our formulation poses a state-dependent set of admissible controls. This difficulty can be handled by embedding the state-dependent set K R (t, X u t ) into a compact setK, cf. Shardin and Wunderlich [23] . Then, using the techniques presented in Fleming and Soner [9, Chapter III, Theorem 8.1], one can show that if there exists a classical solutionṼ of the HJB equation (2.5) thenṼ coincides with the value function V of the control problem (2.4) . Furthermore, if there exists a measurable functionũ * :
then one can show that the optimal portfolio-proportion process is given by
and satisfies u * ∈ A R . For the case of power utility, i.e.,
there is a closed-form expression for the optimal portfolio-proportion process when no risk constraint is imposed, see Korn [15] . We call this process the Merton portfolio-proportion process and it is given by
γ .
An investor using the Merton portfolio-proportion process is called a Merton investor and the associated value function is denoted by V M (t, x). We write X M when the wealth is controlled by the Merton portfolio-proportion process u M := (π M , c M ).
Discrete-time optimization

Model
In this section we suppose that the trading interval [0, T] is divided into N periods of length ∆ and trading only takes place at the beginning of each of the N periods. The trading times are denoted by t n := n∆, n = 0, . . . , N − 1, and for the time horizon T we write t N := T = N∆. Uncertainty is modeled by the filtered probability space (Ω, G, , P), where the filtration = (G t n ) n=0,...,N is generated by the (discretized) Brownian motion (W t n ) n=0,...,N and augmented by all the P-null sets of Ω. In what follows we will consider an N-period financial market which results from a discretization of the Black-Scholes-Merton model considered in the continuous-time case and consists of one risk-free and d risky securities. Thus, the price process of the bond is given by S 0 t 0 ≡ 1 and S 0 t n+1 = S 0 t n e r∆ , n = 0, . . . , N − 1.
Recall that r ≥ 0 denotes the continuously compounded interest rate. The price process of each of the d risky securities is given by S k t 0 = s k with k = 1, . . . , d and
The random variablesR k t n+1 are log-normally distributed and represent the relative price change of the risky securities in the time interval [t n , t n+1 ).
Analogously to the continuous-time case the investor starts with an initial wealth x 0 > 0 and is allowed to invest in the financial market and to consume the wealth. In contrast to the continuous-time case the investor can only adjust at the beginning of each of the N periods the amount of wealth invested into the financial market and the amount of wealth consumed. The amount invested in the d risky securities is denoted by φ = (φ t n ) n∈{0,...,N−1} and the amount which is consumed by η = (η t n ) n∈{0,...,N−1} . Given an investmentconsumption strategy ν = (φ, η), the associated wealth process evolves as follows:
) denotes the relative discounted return process and is defined by
The investment strategy (φ t n ) and the consumption strategy (η t n ) are assumed to be -adapted. Moreover, we restrict to strategies which achieve a positive wealth for all N periods. Thus, in contrast to the continuoustime case, for an investor who only trades at discrete points in time it is not admissible to sell stocks short or to take out a loan to buy stocks because in a time interval of length ∆ the stock price could move unfavorably for the investor, and the wealth would become negative. Therefore, at any trading time t n , n ∈ {0, . . . , N − 1}, the investor must choose the amount φ t n of current wealth X t n that is invested in the stocks and the amount η t n of current wealth X t n that is consumed in such a way that ν t n = (φ t n , η t n ) ∈ K D (X t n ) holds, where
Furthermore, we only consider strategies which are of Markov type, i.e., ν t n =ν(t n , X t n ) for all n = 0, . . . , N −1 and some measurable functionν : [0, T] × ℝ + → [0, ∞) d+1 . Such strategies are called admissible and the set of admissible strategies is denoted by A 0 ∆ , thus
It is shown in Hinderer [12, Theorem 18.4 ] that more general strategies which depend on the complete history of the process instead of being Markovian ones do not increase the value of the maximization problem that we will consider later on. We write in the following X ν instead of X to emphasize that the wealth is controlled by the investment-consumption strategy ν = (φ, η).
Dynamic risk constraints
Analogously to the continuous-time case the loss over the period [t n , t n+1 ) is defined by L t n :
with Y t n being a G t n -measurable benchmark (see Example 2.1) prescribed at time t n . Let N ∆ t n :
A dynamic risk measure (in discrete time) (ψ t n ) n∈{0,...,N−1} is a family of maps ψ t n with ψ t n : N ∆ t n → L 1 (Ω, G t n , P).
We restrict to risk measures of the form ψ t n (L t n ) =ψ(t n , X ν t n , φ t n , η t n ) for all n ∈ {0, . . . , N − 1} and some measurable functionψ : [0, T] × ℝ + × [0, ∞) d+1 → ℝ. Lemma 3.1 below shows how the dynamic risk measures VaR, TCE and EL can be computed explicitly in the discrete-time case if we consider a market with a single stock. Here we can benefit from the fact that the wealth X ν t n+1 at time t n+1 is -conditionally on G t n -(shifted) log-normally distributed. In the case d > 1 the wealth X ν t n+1 at time t n+1 given G t n is a sum of dependent log-normally distributed random variables and closed-form expressions for these risk measures are not available.
Lemma 3.1. The following statements hold. (i) Given a probability level α ∈ (0, 1), the Dynamic Value at Risk at time t n , n = 0, . . . , N − 1, can be written as
Recall that Φ( ⋅ ) and Φ −1 ( ⋅ ) denote the normal distribution and the inverse distribution functions, respectively. (ii) Given a probability level α ∈ (0, 1), the Dynamic Tail Conditional Expectation at time t n , n = 0, . . . , N − 1, can be written as
(iii) The Dynamic Expected Loss at time t n , n = 0, . . . , N − 1 can be written as
Proof. The proof is presented in Appendix B.
A risk constraint is imposed on the strategy by requiring that at the beginning of each period (i.e., at t n , n ∈ {0, . . . , N − 1}) the investor must decide how much of the wealth is invested in the stocks (φ t n ) and how much is consumed (η t n ) such that ν t n = (φ t n , η t n ) ∈ K R D (t n , X ν t n ) with
Here,ε : [0, T] × ℝ + → [0, ∞) is a measurable function which represents the bound on the risk constraint and may depend on time and wealth. Then, the set of admissible strategies reads as
We assume that the benchmarkf (t n , X ν t n ) and boundε(t n , X ν t n ) are specified in a way that A R D ̸ = ⌀ is satisfied, i.e., there exist admissible strategies.
Optimization under risk constraints
Given an initial wealth X 0 = x 0 > 0 the investor's investment-consumption problem is to decide how much wealth is invested in the stocks and how much is consumed so that the expected value of the utility from consumption and terminal wealth,
is maximized over all strategies ν = (φ, η) ∈ A R ∆ . This problem can be solved by using the theory of Markov Decision Processes, see e.g. Bäuerle and Rieder [5, Chapter 2] . The value function is defined by
and the sequence (V(t n , x)) n=0,...,N−1 can be computed by the optimality equation
The optimal strategy ν * = (φ * , η * ) is generated by the sequence of maximizers of V(t 1 , x) , . . . , V(t N , x) .
For the case of power utility, i.e.,
we can specify the recursion above. Let ζ and β denote the consumption and investment proportion, respectively, i.e.,
Note that ζ t n ∈ [0, 1] and β t n ∈ P, where P := {p ∈ [0, 1] d : p 1 + ⋅ ⋅ ⋅ + p d ≤ 1} denotes the simplex in ℝ d . In order to use proportions instead of amounts of consumption and investment we redefineψ bỹ
. Then the risk measures can be written as ψ t n (L t n ) =ψ rel (t n , X ν t n , β t n , ζ t n ) for all n ∈ {0, . . . , N − 1} and we obtain by the optimality equation (3.1) the following backward recursion.
Theorem 3.2. The value function for n = 0, . . . , N can be computed by
where (d t n ) satisfies the backward recursion
where B(t n , x,ζ ) = {β ∈ P :ψ rel (t n , x,β,ζ ) ≤ε(t n , x)}.
Proof. The proof is given by mathematical induction. The basis step is to show that the statement
holds. This follows straightforwardly from the optimality equation (3.1). In the inductive step we assume that the statement
holds for some n ∈ {1, . . . , N} and show that it also holds for n − 1. This can be done as follows. From the optimality equation (3.1) we obtain
Using the inductive hypothesis, the right-hand side can be rewritten as
Substitutingη =ζ x andφ = (1 −ζ )xβ , we find sup 0≤ζ ≤1 β∈B(t n−1 ,x,ζ )
This shows that indeed it holds
In the second equation we have used that the relative discounted return R t n is independent of G t n−1 and in the third equation we used that e r∆(1−γ) (1 −ζ ) 1−γ is non-negative. Hence, the supremum over (β,ζ ) can be obtained by the iterated supremum as given. The proof is complete by mathematical induction.
Note that in contrast to the continuous-time case, there is no closed-form solution to the unconstrained problem in discrete time. The Merton portfolio-proportion strategy (β M t n , ζ M t n ) n=0,...,N−1 also has to be computed by backward recursion as in the above theorem where the set B is replaced by the simplex P, cf. [5] . Then we obtain
The value function and wealth obtained by an investor using the Merton portfolio-proportion strategy are denoted by V M and X M , respectively.
Numerical examples for power utility
In this section we solve the continuous-time optimization problem
and the discrete-time optimization problem
numerically for the case of power utility and compare the solutions. Our numerical experiments are based on the following model parameters. The financial market consists of a bond with risk-free interest rate r = 0.1 and a single stock with drift μ = 0.18 and volatility σ = 0.35. If not stated otherwise, the parameter of the power utility function is γ = 0.3 and the terminal trading time is T = 2 years. In the continuous-time case the dynamic risk measures are evaluated under the assumption that the portfolio-proportion process is kept constant between t and t + ∆ with ∆ = 1 24 ≈ 2 weeks. The probability level in the definition of the Value at Risk and Tail Conditional Expectation is given by α = 0.01.
Continuous-time optimization problem
We start with the continuous-time problem by numerically solving the HJB equation (2.5). Using a policy improvement (PI) algorithm, we obtain an approximation of the value function and of the optimal portfolioproportion process. In each iteration of the PI algorithm, we have to solve a linear partial differential equation (PDE) and a constrained optimization problem. Both, the linear PDE and the constrained optimization problem, are solved numerically. The former by using meshless methods (see Jichun and Yi-Tung [13, Chapter 10] and Duffy [8, Chapter 16] ), the latter with sequential quadratic programming methods (see Nocedal and Wright [18, Chapter 18] ). Figure 1 shows the effect of the VaR constraint on the value function and optimal portfolio-proportion process. The benchmark for the VaR is the conditional expectation of wealth X M t+∆ obtained by an investor following the Merton portfolio-proportion process (π M t , c M t ) (cf. (2.6)) in [t, t + ∆] given the wealth X (π,c) t at time t, i.e.,
The bound for the VaR is given byε(t, x) = 0.05x. This is a bound which is relative to the wealth, i.e., any loss in the interval [t, t + ∆] can be hedged with 5 % of the portfolio value. By comparison, the risk of the Merton portfolio-proportion process Figure 1 shows the relative difference δ V (t, x) between the value function of a Merton investor and a VaR-constrained investor defined by
In order to facilitate the comparison of the value functions we express the losses of performance due to the risk constraint in monetary units and introduce the following efficiency measure. The efficiency of an investor A relative to an investor B is the initial amount of wealth that investor B would need to obtain a value function identical to that of investor A who started at time t = 0 with unit wealth. Figure 2 illustrates the efficiency of a VaR-constrained investor relative to a Merton investor in continuous time for different relative bounds of the VaR-constraint. As expected, the efficiency increases when the bound of the risk constraint becomes less restrictive. For the boundε(t, x) = 0.05x used in Figure 1 the loss of efficiency is about 9.5 %. For the most restrictive case, where wealth below the benchmark is not tolerated at all, i.e., the bound is set toε(t, x) = 0, the loss of efficiency is 12.6 %. Using a relative bound leads to a constant proportion of wealth invested in the risky stock as in the unconstrained case. If we change the relative bound to an absolute one, e.g.ε(t, x) ≡ 0.05, the optimal proportion of wealth invested in the risky stock is no longer independent of the wealth level, cf. Figure 3 . This results from the fact that for x < 1, the absolute bound is less restrictive and for x > 1, it is more restrictive than the relative one. For the optimal relative consumption no remarkable differences between an absolute and a relative bound are observed.
From the top panels of Figure 4 , we can observe that a more restrictive bound leads to a smaller investment in the risky stock and a smaller value function. Another interesting observation can be made from the bottom panels of Figure 4 . The value function at time t = 0 is plotted against the wealth level for different terminal trading times T. The left panel shows the value function of a Merton investor (solid line), a VaR-constrained investor (dashed line) and a TCE-constrained investor (asterisk). In the right panel, the value function of a Merton investor (solid line) and of a EL-constrained investor (dashed line) is plotted. We observe that the value function is not noticeably affected by the choice of different risk constraints and that there are almost no differences between the VaR constraint and the TCE constraint. This confirms similar results by [7] . Even though a static VaR constraint has been found to induce an increased probability of extreme losses and an increased allocation to risky assets in some states (see [4] ), these shortcomings vanish if a VaR constraint is imposed dynamically (cf. [7] ). For longer trading horizons, the effects of a risk constraint on the value function become more noticeable. We obtain comparable results when we change the benchmark to the wealth an investor will obtain at time t + ∆, starting with X (π,c) t at time t, while only investing in the bond (and not in the stock) and consuming the wealth with the rate
Remark 4.1. We also performed numerical experiments for the case γ > 1 instead of γ = 0.3 which led to smaller differences between the value function of a Merton investor and a risk-constrained investor. This results from the fact that for a larger γ an investor is more risk-averse even without an imposed risk constraint.
Discrete-time optimization problem
We now consider the discrete-time problem and apply the recursion in Theorem 3.2. The expectation in (3.2) can be written as
where we used that R t n+1 =R t n+1 /e r∆ − 1 andR t n+1 is log-normally distributed. The above integral is evaluated numerically using quadrature rules. Figure 5 shows the effect of the VaR constraint on the value function and optimal portfolio-proportion strategy. The benchmark for the VaR is the conditional expectation of wealth is no longer a constant proportion of wealth and the results are similar to Figure 3 for the continuous-time case. Numerical results for varying the terminal trading time or the risk measure are not shown here, but they are comparable to the continuous-time case, cf. Figure 4 .
As in the continuous-time case we now express the losses of performance of a risk-constrained investor relative to the performance of a Merton investor in monetary units using the efficiency measure. The left panel of Figure 6 illustrates the efficiency of a VaR-constrained investor relative to a Merton investor in discrete time for different relative bounds of the VaR-constraint. As expected and already observed in Figure 2 , the efficiency increases when the bound of the risk constraint becomes less restrictive. The loss of efficiency is at most 7.2 % which is attained for the most restrictive bound, i.e.,ε(t, x) = 0. For the boundε(t, x) = 0.05x used in Figure 5 the loss of efficiency is about 4.2 %.
We finish this section with a numerical comparison of the continuous-time and discrete-time case. The availability of solutions to the risk-constrained portfolio problem both for discrete and continuous time allows us to quantify the losses of portfolio performance resulting from time discretization, i.e., from the restriction to finite trading frequencies. First observe that the loss of efficiency resulting from imposing a risk-constraint is higher in continuous time than in discrete time, cf. Figure 2 and left panel of Figure 6 . This arises from the fact that short-selling is allowed in continuous time leading to π M ≈ 2.18 > 1 whereas it is not allowed in discrete time leading to β M = 1. For a fair comparison we do not allow for short-selling in both cases. Since the parameters of the financial market shall remain the same, we change the investors' preferences represented by the utility functions by setting γ = 0.9. This leads to π M , β M ∈ [0, 1], i.e., there is no short-selling in both cases. Furthermore, the expected utility from consumption in the time interval [t n , t n+1 ), n = 0, . . . , N − 1, is given by [∫ 
is not only different from the economic interpretation, but also from the mathematical point of view, cf. Grandits, Hubalek, Schachermayer and Žigo [11] . Since we want to quantify the losses of portfolio performance resulting solely from restricting to finite trading frequencies, we set U 1 (x) ≡ 0. Again, we use the efficiency to compare the portfolio performance of a discrete-time investor relative to a continuous-time investor with and without imposing a risk constraint. For this experiment, we compute the VaR risk measure for the continuous-time investor under the assumption that the number of shares remains constant between t and t + ∆. In Rogers [22] the continuous-time investment problem is compared to the discrete-time investment problem when no risk constraint is imposed. The author shows that there is only a small difference between the continuous and discrete problem when the additional restriction that the continuous-time investor is not allowed to sell short the stock or the bond is imposed. Bäuerle, Urban and Veraart [6] show that this remains true for models where the drift is modeled by a random variable that is not directly observable and has to be estimated from observed stock prices. However, the authors found that when the short-selling restriction for the continuous-time investor is omitted, the discrete-time investor will generally not do as well as the continuous-time investor and a discretization gap remains. The right panel of Figure 6 shows the efficiency of a discrete-time relative to a continuous-time Merton investor (cyan) and the efficiency of a discrete-time relative to a continuous-time VaR-constrained investor (red). We observe that the values of the efficiency are very close to unity; even for a quite large ∆ in the range of 2.5 years, the loss of efficiency is at most 0.35 % in both cases. This is in line with the results by Rogers [22] for the Merton investor. In addition to the results in [22] our numerical results for the risk-constrained case indicate that the losses due to time discretization are of comparable (small) magnitude.
This expectation can be calculated as follows. Let f Z (z) = 1 √ 2πs exp(− (z − m) 2 2s 2 ) denote the probability density function of Z; then
where
For the integral I 1 an appropriate change of variables yields
and Φ( ⋅ ) denotes the cumulative distribution function of the standard normal distribution. The integral I 2 can be written as Note that exp{ s 2 2 + m} = X t exp((π (μ − 1r) + r −c )∆). Finally, we obtain EL t (L t ) = Y t I 1 + I 2 =f (t, X t )Φ(d 1 ) − X t exp((π (μ − 1r) + r −c )∆)Φ(d 2 ).
B Proof of Lemma 3.1
Given an investment-consumption strategy (φ, η), the wealth process X evolves as follows:
X t n+1 = e r∆ (X t n − η t n − φ t n ) + φ t n ⋅ exp{(μ − σ 2 2 )∆ + σ(W t n+1 − W t n )}.
Note that given a probability level α ∈ (0, 1) the Value at Risk at time t n is defined by VaR α t n (L t n ) := inf{l ∈ ℝ : P(L t n ≥ l|G t n ) ≤ α}.
We have L t n = Y t n − X t n+1 =f (t n , X t n ) − e r∆ (X t n − η t n − φ t n ) − φ t n ⋅ exp{(μ − σ 2 2 )∆ + σ(W t n+1 − W t n )} and P(L t n ≥ l | G t n ) = P(exp{(μ − σ 2 2 )∆ + σ(W t n+1 − W t n )} ≤f (t n , X t n ) − e r∆ (X t n − η t n − φ t n ) − l φ t n G t n )
We have used that the random variable ∆ − 1 2 (W t n+1 − W t n ) is standard normally distributed and independent of G t n . Thus, P(L t n ≥ l | G t n ) = Φ(z) ≤ α is satisfied for z ≤ Φ −1 (α) yielding l ≥f (t n , X t n ) − e r∆ (X t n − η t n − φ t n ) − exp{Φ −1 (α)σ √ ∆ + (μ − σ 2 2 )∆}φ t n .
Since the Dynamic Value at Risk is the smallest l satisfying the above inequality, we obtain VaR α t n (L t n ) =ψ(t n , X t n , φ t n , η t n ),
The Tail Conditional Expectation at time t n is defined by TCE α t n (L t n ) = t n [L t n | L t n ≥ VaR α t n (L t n )] = [L t n I(L t n ≥ VaR α t n (L t n )) | G t n ] P(L t n ≥ VaR α t n (L t n ) | G t n ) = 1 α [L t n I(L t n ≥ VaR α t n (L t n )) | G t n ],
where I(A) denotes the indicator function of the set A. Using L t n = Y t n − X t n+1 =f (t n , X t n ) − e r∆ (X t n − η t n − φ t n ) − φ t n exp{(μ − σ 2 2 )∆ + σ(W t n+1 − W t n )} and VaR α t n (L t n ) =f (t n , X t n ) − e r∆ (X t n − η t n − φ t n ) − φ t n exp{(μ − σ 2 2 )∆ + Φ −1 (α)σ √ ∆} yields that the above inequality VaR α t n (L t n ) ≤ L t n is equivalent to ∆ − 1 2 (W t n+1 − W t n ) ≤ Φ −1 (α). Thus,
= (f (t n , X t n ) − e r∆ (X t n − η t n − φ t n ))α − φ t n exp{(μ − σ 2 2 )∆} [e σ(W t n+1 −W tn ) I((W t n+1 − W t n )∆ − 1 2 ≤ Φ −1 (α)) G t n ].
We obtain
